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Abstract
A novel general expression is obtained for the graviton propagator
from Lagrangian field theory by taking into account the necessary fact
that in the functional differential approach of quantum field theory, in
order to generate non-linearities in gravitation and interactions with
matter, the external source Tµν , coupled to the gravitational field,
should a priori not be conserved ∂µTµν 6= 0, so variations with re-
spect to its ten components may be varied independently. The result-
ing propagator is the one which arises in the functional approach and
does not coincide with the corresponding time-ordered product of two
fields and it includes so-called Schwinger terms. The quantization is
carried out in a gauge corresponding to physical states with two po-
larization states to ensure positivity in quantum applications.
KEY WORDS:Graviton propagator; quantum gravity; non-conserved
external sources; Schwinger terms
PACS Numbers: 04.60.-m, 04.60.Ds, 04.20.Fy, 04.20.Cv.
1 Introduction
A basic ingredient in quantum gravity computations is the graviton prop-
agator ([cf.1-5]). The latter mediates the gravitational interaction between
∗E-mail: manoukian eb@hotmail.com.
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all particles to the leading order in the gravitational coupling constant. In the
so-called functional differential treatment [6–9, 11] of quantum field theory,
referred as the quantum dynamical principle approach, based on functional
derivative techniques with respect to external sources coupled to the un-
derlying fields in a theory, functional derivatives are taken of the so-called
vacuum-to-vacuum transition amplitude. The latter generates n-point func-
tions by functional differentiations leading finally to transition amplitudes for
various physical processes. For higher spin fields such as the electromagnetic
vector potential Aµ, the gluon field Aµa , and certainly the gravitational field
hµν , the respective external sources Jµ, J
a
µ , Tµν , coupled to these fields, can-
not a priori taken to be conserved so that their respective components may
be varied independently. The consequences of relaxing the conservation of
these external sources are highly non-trivial. For one thing the corresponding
field propagators become modified. Also they have led to the rediscovery [6,7]
of Faddeev–Popov [12] factors in non-abelian gauge theories and the discov-
ery [7] of even more generalized such factors, directly from the functional
differential treatment, via the application of the quantum dynamical prin-
ciple, in the presence of external sources, without using commutation rules,
and without even going to the well known complicated structures of the un-
derlying Hamiltonians. A brief account of this is given in the concluding
section for the convenience of the reader.
For higher spin fields, the propagator and the time-ordered product of two
fields do not coincide as the former includes so-called Schwinger terms which,
in general, lead to a simplification of the expression for the propagator over
the time-ordered one. This is well known for spin 1 , and, as shown below, is
also true for the graviton propagator. Let hµν denote the gravitational field
(see Sect.2). We work in a gauge
∂ih
iν = 0 (1)
where i = 1, 2, 3; ν = 0, 1, 2, 3, which guarantees that only two states of po-
larization occur with the massless particle and ensures positivity in quantum
applications avoiding non-physical states. Let Tµν denote an external source
coupled to the gravitational field hµν (see Sect.2), and let 〈0+ |0−〉
T denote
the vacuum-to-vacuum transition amplitude in the presence of the external
source. The propagator of the gravitational field is then defined by
∆µν;σλ+ (x, x
′) = i
(
(−i)
δ
δTµν(x)
(−i)
δ
δTσλ(x′)
〈0+ |0−〉
T
)/
〈0+ |0−〉
T , (2)
in the limit of the vanishing of the external source Tµν . In more detail we
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may rewrite (2) as
∆µν;σλ+ (x, x
′) = i
〈
0+
∣∣∣(hµν(x)hσλ(x′))
+
∣∣∣0−〉T
〈0+ |0−〉
T
+
〈
0+
∣∣∣∣ δδTµν(x)hσλ(x′)
∣∣∣∣0−
〉T
〈0+ |0−〉
T
(3)
in the limit of vanishing Tµν , where the first term on the right-hand side, up
to the i factor, denotes the time-ordered product. In the second term, the
functional derivative with respect to the external source Tµν(x) is taken by
keeping the independent field components of hσλ(x′) fixed. The dependent
field components depend on the external source and lead to extra terms
on the right-hand side of (3) in addition to the time-ordered product and
may be referred to as Schwinger terms. For a detailed derivation of the
general identity in (3) see Ref. [10] (see also [11]). These additional terms
lead to a simplification of the expression for the propagator over the time-
ordered product. Accordingly, the propagator and the time-ordered product
do not coincide and it is the propagator ∆µν;σλ+ that appears in the functional
approach and not the time-ordered product. The derivation of the explicit
expression for ∆µν;σλ+ (x, x
′) follows by relaxing the conservation of Tµν and it
includes 30 terms in contrast to the well known case involving only 3 terms
when a conservation law of Tµν is imposed. It is important to emphasize that
our interest here is in the propagator, the basic component which appears in
the theory, and not the time-ordered product. In the concluding section, some
additional pertinent comments are made regarding our expression for the
propagator. Our notation for the Minkowski meter is gµν = diag[−1, 1, 1, 1],
also quite generally we set i, j, k, l = 1, 2, 3, a, b = 1, 2, while µ, ν, σ, λ =
0, 1, 2, 3.
2 The Graviton Propagator
For the Lagrangian density of the gravitational field hµν coupled to an
external source Tµν , we take
L = −
1
2
∂αhµν∂αhµν +
1
2
∂αhσσ∂αh
β
β − ∂
αhαµ∂
µhσσ
+
1
2
∂αh
αν∂βhβν +
1
2
∂αh
µ
ν∂µh
αν + hµνTµν , (4)
where hµν = hνµ, and as a result Tµν is chosen to be symmetric. We consider
the ten components of Tµν to be independent by, a priori, not imposing a
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conservation law for Tµν . The action corresponding to the Lagrangian density
in (4), in the absence of the external source Tµν , is invariant under the gauge
transformation hµν → hµν + ∂µξν + ∂νξµ + ∂µ∂νξ. The gauge constraint in
(1) allows us to solve, say, h3ν , in terms of other components:
h30 = −(∂3)
−1∂aha0, h3a = −(∂3)
−1∂bhba,
h33 = −(∂3)
−1∂ah3a = (∂3)
−2∂a∂bhab, (5)
where a, b = 1, 2. Upon substituting the expressions for h3ν in (4), and
varying hab, we obtain
(hab + Tab)−
∂b
∂3
(ha3 + Ta3)−
∂a
∂3
(hb3 + Tb3)
+
∂a∂b
(∂3)2
(h33 + T33) +
[
δab +
∂a∂b
(∂3)2
]
(∂2h00 −hii) = 0, (6)
a, b = 1, 2. Upon multiplying (6) by (δab − ∂a∂b/∂
2), where ∂2 = ∂i∂i,
i = 1, 2, 3, some tedious algebra leads to
−∂2h00 = −
1
2
hii +
1
2
(
δij −
∂i∂j
∂
2
)
Tij . (7)
On the other hand, with the expressions for h3ν in (5) replaced in (4),
variations with respect to h00, h0a, a = 1, 2, give, respectively,
−∂2hii = T00, (8)
−∂2h0a +
∂a
∂3
∂
2h03 =
(
T0a −
∂a
∂3
T03
)
(9)
We note that (9) is valid if we formally replace a by 3 since this simply
gives 0 = 0. Accordingly, we may rewrite (9) as
−∂2h0i +
∂i
∂3
∂
2h03 = T0i −
∂i
∂3
T03 (10)
where i = 1, 2, 3. Upon taking the divergence ∂i of (10) and using (1), we
obtain
∂i
∂3
∂
2h03 =
∂i
∂
2
(
∂jT0j −
∂
2
∂3
T03
)
, (11)
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which upon substitution in (10) gives
−∂2h0i =
(
δij −
∂i∂j
∂
2
)
T0j . (12)
Also upon substitution (8) in (7), and using the fact that  = ∂2 − ∂20 ,
we obtain for (7)
−∂2h00 = T00 +
T
2
−
1
2∂2
(
∂0∂0T00 + ∂i∂jTij
)
, (13)
where T = gµνTµν = T
ν
ν .
Equations (8), (12), (13) are not equations of motion as they involve
no time derivatives of the corresponding fields and they yield to constraints
which together the gauge condition in (1) give rise to two degrees of freedom
corresponding to two polarization states for the graviton as it should be.
We now substitute the expression for −∂2h00, as given in (13), in (6) and
use (8) to obtain an equation involving hij , i, j = 1, 2, 3. Upon multiplying
the resulting equation from (6) by ∂a∂b and using the expressions for h33 in
(5) we obtain after some very tedious algebra
(h33 + T33)−
1
2
(
1−
(∂3)
2
∂
2
)
T +
1
2∂2
(
−∂0∂0T00 + ∂
i∂jTij
)
−
2
∂
2∂
i∂3Ti3 +
(∂3)
2
2∂2
(
∂i∂j
∂
2 Tij +
∂0∂0
∂
2 T00
)
= 0. (14)
Similarly, upon multiplying (6) by ∂a and using the expression for hb3 in
(5), we obtain
(hb3 + Tb3)−
1
∂
2
[
∂3∂
iTib + ∂b∂
iTi3 −
∂b∂3
2
(
∂i∂j
∂
2 Tij +
∂0∂0
∂
2 T00 + T
)]
= 0
(15)
To obtain the equation for hab, we substitute (14), (15) in (6), to obtain
after some lengthy algebra
(hab + Tab)−
1
2
(
δab −
∂a∂b
∂
2
)
T −
1
∂
2 (∂a∂
iTib + ∂b∂
iTia)
+
δab
2∂2
(
−∂0∂0T00 + ∂
i∂jTij
)
+
∂a∂b
2(∂2)2
(
∂i∂jTij + ∂
0∂0T00
)
= 0. (16)
Equations (14), (15), (16) may be now combined in the form
−hij = Tij −
1
2
(
δij −
∂i∂j
∂
2
)(
T +
∂0∂0
∂
2 T00
)
−
1
∂
2
[
∂i∂
kTkj + ∂j∂
kTki −
1
2
(
δij +
∂i∂j
∂
2
)
∂k∂lTkl
]
, (17)
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where i, j, k, l = 1, 2, 3.
Equations (17), (13), (12) give the equations for the various components
of hµν . To obtain the unifying equation for hµν , we note that we may write
hµν = gµihijg
jν + gµihi0g
0ν + gµ0h0jg
jν + gµ0h00g
0ν , (18)
with i, j = 1, 2, 3;µ, ν = 0, 1, 2, 3, and use in the process the identity
gµi∂i = (∂
µ +Nµ∂0), (19)
where Nµ is the unit time-like vector (NµNµ = −1)
(Nµ) = (gµ0) = (1, 0, 0, 0). (20)
Finally, we use the identity relating a tensor Aλσ, e.g., to the components
Aij as follows:
gµiAijg
jν =
[
gµλgνσ +NµNλgσν +NνNσgλµ +NµNνNλNσ
]
Aλσ, (21)
and the fact that  = ∂2−∂0
2
. A lengthy analysis from (12), (13), (17) then
gives the following explicit expression for hµν :
hµν =
1
(−− iǫ)
{gµλgνσ + gµσgνλ − gµνgσλ
2
+
1
2∂2
[
gµν∂σ∂λ + gσλ∂µ∂ν − gνσ∂µ∂λ − gνλ∂µ∂σ
− gµσ∂ν∂λ − gµλ∂ν∂σ +
∂µ∂ν∂σ∂λ
∂
2
]
+
1
2
(
gµν +
∂µ∂ν
∂
2
)(
Nσ∂λ +Nλ∂σ
∂
2
)
∂0 +
1
2
(
gσλ +
∂σ∂λ
∂
2
)(
Nν∂µ +Nµ∂ν
∂
2
)
∂0
−
1
2
[
gνσ(Nµ∂λ +Nλ∂µ) + gνλ(Nµ∂σ +Nσ∂µ)
+ gµσ(Nν∂λ +Nλ∂ν) + gµλ(Nν∂σ +Nσ∂ν)
] ∂0
∂
2
+
∂µ∂ν
∂
2 N
σNλ +
∂σ∂λ
∂
2 N
µNν
}
Tσλ
+
1
∂
2
{
∂µ∂ν
∂
2 N
σNλ +
∂σ∂λ
∂
2 N
µNν
}
Tσλ, (22)
ǫ → +0.
6
From (22) the explicit expression for the graviton propagator ∆µν;σλ+ (x, x
′)
emerges as:
∆µν;σλ+ (x, x
′) =
∫
(dk)
(2π)4
eik(x−x
′)
[
∆µν;σλ1 (k)
k2 − iǫ
+
∆µν;σλ2 (k)
k2
]
, (23)
ǫ → +0, where (dk) = dk0dk1dk2dk3, k2 = k2 − k0
2
, and
∆µν;λσ1 (k) =
(gµλgνσ + gµσgνλ − gµνgσλ)
2
+
1
2k2
[
gµνkσkλ + gσλkµkν − gνσkµkλ − gνλkµkσ
−gµσkνkλ − gµλkνkσ +
kµkνkσkλ
k2
]
−
1
2
(
gµν +
kµkν
k2
)(
Nσkλ +Nλkσ
k2
)
k0
−
1
2
(
gσλ +
kσkλ
k2
)(
Nνkµ +Nµkν
k2
)
k0
+
1
2
[
gνσ(Nµkλ +Nλkµ) + gνλ(Nµkσ +Nσkµ)
+gµσ(Nνkλ +Nλkν) + gµλ(Nνkσ +Nσkν)
]k0
k2
+
kµkν
k2
NσNλ +
kσkλ
k2
NµNν , (24)
∆µν;λσ2 (k) =
kµkν
k2
NσNλ +
kσkλ
k2
NµNν . (25)
The vacuum-to-vacuum transition amplitude for the gravitational field
coupled to an external source is then given by
〈0+ |0−〉
T = exp
[
i
2
∫
(dx)(dx′)Tµν(x)∆
µν;σλ
+ (x, x
′)Tσλ(x
′)
]
. (26)
with the graviton propagator given by the explicit expression in (23) - (25).
Now we are ready to make pertinent comments concerning the graviton prop-
agator thus obtained.
3 Conclusion
We have derived a novel expression for the graviton propagator, from
Lagrangian field theory, valid for the case when the external source Tµν cou-
pled to the gravitational field is not necessarily conserved, by working in a
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gauge where only two polarization physical states of the graviton arise to en-
sure positivity in the quantum treatment thus avoiding non-physical states.
That such a conservation should a priori not to be imposed is a necessary
mathematical requirement so that all the ten components of the external
source Tµν may be varied independently in order to generate interactions of
the gravitational field with matter and produce non-linearity of the gravita-
tional field itself in the functional procedure. The latter requirement arises
by noting that such interactions are generated by the application [cf.6, 7]
of some functional F [−iδ/δTµν ] to 〈0+ |0−〉
T , where 〈0+ |0−〉 corresponding
to other particles, as well as functional derivatives of their corresponding
sources in F , have been suppressed to simplify the notation. Accordingly, to
vary the ten components of Tµν independently, no conservation may a priori
be imposed. The 1/k2 terms in (23) - (25) are apparent singularities due to
the sufficient powers in k in the corresponding denominators and the three-
dimensional character of space, in the same way that this happens for the
photon propagator in the Coulomb gauge in quantum electrodynamics, and
give rise to static 1/r type interactions complicated by the tensorial character
of a spin two object. It is important to note that for a conserved Tµν , i.e., for
∂µTµν = 0, all the terms in the propagators in (23), with the exception of the
terms (gµλgνσ + gµσgνλ − gµνgσλ)/2, do not contribute in (26) since all the
other terms in (24), (25) involve derivatives of Tµν and the graviton propa-
gator ∆µν;σλ+ (x, x
′) effectively goes over to the well documented expression
1
(−− iǫ)
(gµλgνσ + gµσgνλ − gµνgσλ)
2
, (27)
which has been known for years [cf.1, 2]. This is unlike the corresponding
time-ordered product which does not go over to the result in (27) for ∂µTµν =
0 This may be shown by solving for the time-ordered product in (3) in terms
of the propagator and carrying out explicitly, say, the functional derivatives
δh0i/δTµν , δh
00/δTµν , as arising on the right-hand side of (3), by using, in the
process, Eqs. (12),(13). In any case, it is the propagator ∆µν;σλ+ , as given in
(23), is the one that appears in the theory and not the time-ordered product
as is often na¨ıvely assumed. After all the functional derivatives with respect
to Tµν are carried out in the theory, one may impose a conservation law
on Tµν or even set Tµν equal to zero if required on physical grounds. Such
methods have led to the discovery [6,7], in the functional quantum dynamical
principle differential approach, of Faddeev–Popov (FP) factors, and of their
generalizations, in non-abelian gauge theories such as in QCD and in other
theories.
Re-iterating the discussion above, the relevance of the analysis and the
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explicit expression derived for the graviton propagator for, a priori, not con-
served external source Tµν : ∂
µTµν 6= 0 is immediate. If, in contrast, a con-
servation law is a priori, imposed then variations with respect to one of the
components of Tµν would automatically imply, via such a conservation law,
variations with respect some of its other components as well. A problem that
may arise otherwise, may be readily seen from a simple example. The func-
tional derivative of an expression like [aµν(x)+b(x)∂µ∂ν ]T
µν(x), with respect
to a component T σλ(x′) is (1/2)[aµν(x) + b(x)∂µ∂ν ](δσ
µδλ
ν + δλ
µδσ
ν)δ4(x, x′),
where aµν(x), b(x), for example, depend on x, and not (1/2)aµν(x)(δσ
µδλ
ν +
δλ
µδσ
ν)δ4(x, x′) as one may na¨ıvely assume by, a priori imposing a conser-
vation law. Also, as mentioned above, the present method, based on the
functional differential treatment, as applied to non-abelian gauge theories
such as QCD [6, 7] leads automatically to the presence of the FP deter-
minant modifying na¨ıve Feynman rules. The physical relevance of such a
factor is important as its omission would lead to a violation of unitarity. For
the convenience of the reader we briefly review, before closing the conclud-
ing section, on how the FP determinant arises in the functional differential
treatment [6, 7].
Consider, for simplicity of the demonstration, the non-abelian gauge the-
ory with Lagrangian density
L = −
1
4
GaµνG
µν
a + J
µ
aA
a
µ (28)
where Jµa is an external source taken, a priori, not to be conserved. Here
Gaµν = ∂µA
a
ν − ∂νA
a
µ + gof
abcAbµA
c
ν (29)
We work in the Coulomb gauge. The gauge field propagator, in analogy to
the graviton one in (24), (25), is given by
Dµνab = δab[g
µν −
(∂µ∂ν +Nµ∂ν∂0 +N
ν∂µ∂0)
∂
2 ]
1
−✷− iε
(30)
with k = 1, 2, 3.
The quantum dynamical principle states that
∂
∂go
〈0+ |0−〉 = i
〈
0+
∣∣∣∣
∫
(dx)
∂
∂go
L (x)
∣∣∣∣0−
〉
(31)
where, with k = 1, 2, 3,
∂
∂go
L (x) = −fabcAbk(A
c
0G
k0
a +
1
2
AclG
kl
a ) (32)
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and Gkla may be expressed in terms of independent fields, that is, for which
the canonical conjugate momenta do not vanish. On the other hand, Gk0a
depends on the dependent field A0a. By using the identity
(−i)
δ
δJµa (x′)
〈0+ |O |0−〉 =
〈
0+
∣∣(Aaµ(x′)O(x))+∣∣0−〉− i
〈
0+
∣∣∣∣ δδJµa (x′)O(x)
∣∣∣∣0−
〉
(33)
for an operator O(x), where (...)+ denotes the time-ordered product, and the
functional derivative δO(x)/δJµa (x
′) in the second term on the right-hand
side of (33) is taken by keeping the independent fields and their canonical
conjugate kept fixed in O(x), after the latter is expressed in terms of these
fields, together, possibly, in terms of the dependent fields and the external
current [7, 10].
From the Lagrangian density in (28), the following relation follows
Gk0a = π
k
a − ∂
kDabJ
0
b (34)
as a matrix equation, where πka denotes the canonical conjugate momentum
of Aka, and Dab is the Green operator satisfying
[δac∂2 + gof
abcAbk∂
k]Dcd(x, x′; go) = δ
4(x, x′)δad (35)
Accordingly, with, a priori, non-conserved Jµa (x
′), we may vary each of its
components independently to obtain from (34)
δ
δJµa (x′)
Gk0a (x) = −δµ
0∂kDac(x, x
′; go) (36)
Hence from (32), (33), and (36), we may write
〈0+|
∂
∂go
L (x)|0−〉 = [(
∂
∂go
L )′ + if bcaA′bk∂
kD′ac(x, x; go)] 〈0+ |0−〉 (37)
where the primes mean to replace Acµ(x) in the corresponding expressions by
the functional differential operator (−i)δ/δJµc (x).
Clearly, upon an elementary integration over go in (31) by using, in the
process, (37) and the equation for Dac in (35), we obtain the FP determinant
expTr ln[1− igo
1
∂
2A
′
k∂
k] (38)
as a multiplicative modifying differential operating factor in 〈0+ |0−〉. For
additional related details see [6,7] and also for further generalizations of the
occurrence of such factors in field theory.
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It is interesting to extend such analyses [6, 7], as well as of gauge trans-
formations [6], and covariance [13], to theories involving gravity. This would
be exponentially much harder to do and will be attempted in further inves-
tigations. In this regard, our ultimate interest is in aspects of renormaliz-
ability [14] and rules for physical applications that would follow from our, a
priori, systematic analysis carried out at the outset, in a quantum setting
with the newly modified propagator, by a functional differential treatment,
in the presence of external sources, to generate not-linearities in gravitation
and interactions with matter.
References
[1] Schwinger, J. (1976). Gen. Rel. Grav. 7, 251; (1970). Particles, Sources
and Fields (Addison-Wesley, Reading, Massachusets).
[2] Manoukian, E. B. (1990). Gen. Rel. Grav. 22, 501; (1997). Gen. Rel.
Grav. 29, 705.
[3] Manoukian, E. B., and Yongram, N. (2005). Mod. Phys. Lett. A20,
623.
[4] Sivaram, C. (1999). Astroph. J. 520, 454.
[5] Weinberg, S. (1965). Phys. Rev. 138 B, 988.
[6] Manoukian, E. B. (1986). Phys. Rev. D 34, 3739.
[7] Limboonsong, K., and Manoukian, E. B. (2006). Int. J. Theor.
Phys. 45, 1814.
[8] Schwinger, J. (1951). Proc. Natl. Acad. Sci. U.S.A. 37, 452. (1951).
Phys. Rev. 82, 914; (1953). ibid. 91, 728; (1954). ibid. 93, 615.
[9] Manoukian, E. B. (1985). Nuovo Cimento 90A, 295.
[10] Manoukian, E. B., Sukkhasena, S., and Siranan S. (2007). Phys.
Scr. 75, 751.
[11] Manoukian, E. B. (2006). Quantum Theory: A Wide Spectrum
(Springer, Dordrecht), Sect. 11.1.
[12] Faddeev, L. D., and Popov, V. N. (1967). Phys. Lett. 25B, 30.
11
[13] Manoukian, E. B. (1987). J. Phys. G 13, 1013.
[14] Manoukian, E. B. (1983). Renormalization (Academic Press, New
York).
12
